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Abstract. A reasonable definition for the notion of localisability in classical mechanics is
given. It could explain in a satisfactory way the properties of the relativistic photon and
the fact that some relativistic systems predicted by Poincaré invariance, such as tachyons,
do not appear in Nature.

1. Introduction

In this paper we analyse the notion of localisability for classical systems, described in
the framework of Hamiltonian formalism.

The notion of localisability for elementary relativistic systems has appeared in the
framework of quantum mechanics [1, 2]. The idea is the following. It is assumed from
the beginning that the elementary system is pointlike, so the configuration space is
identical with the ‘physical’ space R®. Then, according to Wightman [2], the position
observable is a projection valued measure based on R’. If one takes into account the
relativistic invariance with respect to the Euclidean group SE(3), then it follows from,
natural compatiblity conditions, that the mathematical objects describing localisability
in quantum mechanics are the systems of imprimitivity (which can be analysed using
Mackey’s theory). For recent developments see [3].

Here, we propose a natural definition for the notion of localisability in classical
mechanics, using the framework of the Hamiltonian formalism. In fact, the basic
motivation of the Hamiltonian formalism reposes on the observation that for a physical
system with the configuration space Q, one has a natural symplectic manifold M =
T*(Q)—the phase space—and the evolution is governed by a Hamiltonian vector field
(see [4], the preview). One can say that such a system is localisable on Q: the ‘position’
of the system in the state (g, p) € T*(Q) is g€ Q. (Of course, it is implicitly assumed
that one has a prescription by which one determines the point g € Q, by measurements
performed in the ‘physical’ space R’.)

On the other hand, one can abandon completely the requirement that the phase
space M is a cotangent bundle to some configuration manifold Q, and one admits that
the phase space can be any symplectic manifold. In this approach, an elementary
relativistic system is, by definition, any homogeneous symplectic manifold for the
symmetry group of the problem [5-9] and [10, the footnote of p 180].

Our definition of localisability in the Hamiltonian formalism could be characterised
as an attempt to preserve the original motivation for the introduction of the notion of
phase space (an explained above). Loosely speaking, we propose that a reasonable
phase space M must be fibred over a phase space of the type T*(Q); then the projection

0305-4470/90/153525+18803.50 © 1990 1OP Publishing Ltd 3525



3526 D R Grigore

on T*(Q) describes the configuration of the system (and the conjugated momenta),
and the fibres describe the internal degrees of freedom, e.g. the spin. If the Euclidean
group SE(3) acts on Q and on M, we have a natural compatibility condition which
has a clear counterpart in the quantum mechanics analysis (compare axiom V p 848
of [2] with definition 1 in section 2 of this paper).

These conditions are of kinematical nature. We think that they must be supple-
mented by another condition of dynamical nature. Suppose that the Hamiltonian H
of the system ‘depends only on the variables (g, p) € T*(Q)’ (more precisely H factorises
to T*(Q)). Then one can determine the time evolution of (g, p) € T*(Q) in two ways:
working with the Hamiltonian H on the phase space M and projecting the integral
curves of H on T*(Q), or working directly on T*(Q) with the factorised Hamiltonian.
We think that it is reasonable to suppose that the two alternatives give the same result.
We call this new condition strict localisability and we will admit that any physical
system must be strictly localisable on some configuration space Q.

It remains to choose the configuration space Q. One could take Q =R? as in the
analysis of Wightman; this possibility was explored previously [11]. We think that the
identification of the configuration space Q with the ‘physical’ space R’ is too restrictive.
In fact, from the very beginning of the analytical mechanics it was admitted that these
two objects can be different.

Here we propose as admissible configuration spaces all Euclidean homogeneous
manifolds. This hypothesis agrees with a previous suggestion [12, p 584] made in the
context of quantum mechanics.

From the physical point of view the results which follow from these hypotheses
are interesting. Although there are many Euclidean homogeneous manifolds, only two
of them can be configuration spaces (in the strict sense) for the elementary relativistic
systems with respect to the Poincaré group: R* and SE(3)/SE(2). The first one can be
a configuration space for non-zero mass systems (as in the analysis of Wightman). The
second one can be a configuration space for a certain zero mass system; this agrees
with the proposal from [12].

The physical interpretation of the configuration space SE{3)/SE(2) is not completely
clear. A possible interpretation is based on a particular realisation of this homogeneous
space as the manifold of bidimensional (oriented) planes in R®; then a system localised
on such a configuration space could be imagined as a bidimensional object, e.g. a
plane wave. Maybe this interpretation of the configuration space SE(3)/SE(2) is not
completely satisfactory, and a better one can be found. In any case, the main physical
significance of our result is the following: some hypothetical particles such as tachyons
or particles of zero mass and infinite spin are not strictly localisable (according to our
definition). This can perhaps explain why they are not found in Nature.

To summarise, we propose to define an elementary relativistic system (for the
Galilei or Poincaré group) as a homogeneous symplectic manifold M for the corre-
sponding group, together with a configuration space Q. Also M and Q are connected
by some natural compatibility conditions which have been presented above, and will
be formulated in a rigorous fashion in section 2. Some necessary conditions for (strict)
localisability, which will be needed are also given in section 2. In section 3 we give a
complete analysis of this problem for the Poincaré group. The analysis reduces to the
tedious computation of some Poisson brackets, and to the integration of some nonlinear
systems with partial differential equations. It is interesting to note that all the cases
can be integrated completely. This seems to indicate that the results can be obtained
in a more abstract fashion. We mention also that in the course of the proof we re-obtain



Localisability in classical mechanics 3527

in a more natural way a number of formulae which have already appeared in the
literature [13-15]. Besides new formulae connected with the new configuration space
SE(3)/SE(2), we think that our point of view has the merit of stressing that the
underlying structure for all these formulae is that of (strict) localisability.

Let us comment on the connection between our results and other approaches in
the literature. Our notion of localisability is closely related in spirit with the work of
[7] (see also [8] and [9]) where one supposes essentially that for every point from the
phase space one has a line of universe i.e. a line in R*. More precisely one requires
that there exists an equivariant map from M onto some manifold of lines from R*.

Another related notion of localisability appears in [16]. Finally, we mention the
approach of Souriau [10], based on the notion of evolution space, which in a certain
sense generalises the notion of configuration space including the time on equal footing.

From the physical point of view our result concerning the localisability of the zero
mass systems, imagined as planes in R’, is closely related with the result of Souriau
[10, see footnote p 191]. The same physical idea appears also in [17] in the framework
of a quantum analysis but is exploited differently.

Some final comments are made in section 4.

2. The notion of localisability in Hamiltonian formalism

2.1. By definition, the Euclidean group E(3) is:

E(3)={(R, a)|(Rx, Ry)s* = (x, y)»’ Vx,p eR’, a € R’}
with the composition law:

(R,a)(R’,a')=(RR',a+ Ra’).
Here

(%, Y)r* = X1 y1+ X202+ X33 (”x||R3)ZE(x, x)g?.
Also, the special Euclidean group SE(3) is:
SE(3)={(R, a) € E(3)|det R =1}.

Here det R is defined by Re, A Res A Re;=(det R)e, A e, A e; where e, e,, e; is the
canonical basis in R°.

2.2

Definition 1. Let (M, Q) a symplectic manifold on which the group SE(3) acts sym-
plectically, and let Q be a SE(3)-homogeneous connected manifold. We say that the
system (M, (1) is localisable on the configuration space Q if there exists an SE(3)
morphism ¢: M > T*(Q), where on T*(Q) one considers the natural lifted action of
SE(3) (see [4, p 283]). Two configuration spaces Q, and Q, are considered identical
if they are SE(3) diffeomorphic.

Remarks. (i) This definition is very natural: if Q is a configuration space, then the
usual prescription for the canonical formalism is to take as phase space the cotangent
bundle T*(Q). Definition 1 is more general in the sense that it admits a system with
internal structure.
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(if) If we want to consider the spatial inversion, then we must substitute in this
definition E(3) instead of SE(3).

(iii) Suppose Q and Q are two configuration spaces such that Q covers Q i.e. there
exists a SE(3) morphism ¢: Q- Q Then we have a natural SE(3) morphism v:T*(Q)~
T*(Q) It follows that if the system (M, Q) is localisable on Q, then it 1s also localisable
on Q if ¢: M > T*(Q) is a SE(3) morphism, then o ¢: M- T*(Q) is also a SE(3)
morphism.

Definition 2. Let (M, Q) be a system localised on Q, and let 7: T*(Q)~> Q be the
canonical projection. Then the Q-valued observable X = 7o ¢ is called the position
(or configuration) of the system.

If (M, Q) is a symplectic manifold and H € #(M) we denote by X the Hamiltonian
vector field associated with H; by definition:

IXHQ =dH.

In the canonical formalism, the evolutions are integral curves of Xj,.

Definition 3. Let (M;,Q;), i=1,2 be two symplectic manifolds and ¢: M,>M,; a
smooth map. Let he F(M,) and x,:R-> Mj, an integral curve of X, ~¢. If x;=¢ox,
is an integral curve for X, for all curves x,, then we say that the two symplectic
structures are h-compatible.

Definition 4. Let (M;,Q;), i=1,2 be two symplectic manifolds and ¢: M;> M, a
smooth map. If the two symplectic structures are h-compatible for any he F(M,),
then we say that ¢ is natural.

Definition 5. Let (M, (1) be a symplectic manifold such that the corresponding system
is localisable on the manifold Q. We say that the system is strictly localisable if the
map ¢ : M - T*(Q) from definition 1 is natural.

Definition 6. Let G be a Lie group such that SE(3)< G. An elementary relativistic
system for G is a triplet (M, 1, Q) where (M, Q) is a symplectic homogeneous manifold
for G, Q is a SE(3) homogeneous and connected manifolds and the corresponding
system is strictly localisable on Q.

In the following we give a simple criterion to decide if a system associated with a
symplectic manifold (M, Q) is localisable on the manifold Q.

Proposition. Let M, and M, be two G-spaces and M;=|_,ca, % (i=1,2) be the
decomposition of M, into G-orbits. Let &,, = G/H,, (H, < G are closed subgroups).
Suppose that ¢ : M, > M, is a G-morphism. Then for any a € A,, there exists B € A,
such that H,, is included, up to conjugacy, in H,ga, i.e. there exists g ¢ G such that
gH,.g7'< Hyg.

The proof is trivial. We will consider the case G =SE(3), M, = M (the symplectic
manifold) and M, = T*(Q).

2.3. From section 2.2 it follows that we must first find all SE(3) orbits from T*(Q)
for all SE(3) homogeneous connected manifolds Q. We denote by Lie G, the Lie
algebra of the Lie group G. Then we have the following proposition.
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Proposition 1. Let Q=SE(3)/K (K = SE(3) is a closed subgroup). Then, the SE(3)
orbits from T*(Q) are of the type SE(3)/Gk..,, where A € (Lie SE(3)/Lie K)* and

Lie Gk, ={€<cLie K|A([£ n]) =0,V neLie K}.
Proof. We identify T*(SE(3)/K)k =(Lie SE(3)/Lie K)*< (Lie SE(3))* (the last
inclusion is non-canonical). Let (K, A) e T*(SE(3)/K)«. Then we have
Lie Gk ) ={¢€Lie K|Adepeh = A}
= {£¢€ Lie K|A(Aduxpi-n) = A(n), ¥7 € Lie K}
={¢eLie K|A(ad(£)n) =0,V n eLie K}.

To do practical computations it is convenient to identify, as in [18], Lie SE(3)=
A’R*+R? with the Lie bracket:

[(aa x)’ (B’ y)] = ([CX, B]a Aay - Aﬁx)‘
Here A, € End (R?) is defined by:
Ap,/\vx = ﬂ(v, x)R3 - (Ma x)R3U
and linearity.
Then we have the following.
Proposition 2. Let (e, x) € Lie SE(3). Then:
Lie Gk (ax)=1{(8,y)eLie K|[a, B]—xry=0, Agx =0}.
Proof. We identify (Lie SE(3))*=Lie SE(3) with the scalar product in A’R*+R’

induced by the scalar product in R’ Then the result follows by a simple computation
from proposition 1, and the expression of the Lie bracket given above.

Finally, we apply this proposition for all SE(3)-homogeneous connected manifolds
Q =SE(3)/ K. Because of remark (iii) above, we have to consider only the set of
‘maximal’ SE(3) manifolds i.e. a set € of SE(3) manifolds such that any SE(3)
manifold is covered by a SE(3) manifold from %. Such a list of manifolds % can be
determined by Lie algebraic methods (see e.g. [19]). They correspond to the following
subgroups K:

Case (1) {(1, {es)|s e R}

Case (2,)  {(R(es, ¢), uees)le €[0,2m)} reR
(here R(w, ¢) is the rotation of angle ¢ around v e §?).
Case (3) {(R(es, ¢), Le3)l@ €0, 27), { €R}.

Case (4) {(1, a)|a; =0}.

Case (5) {(R, 0)|R € SO(3)}.

Case (6,)  {(R(es, @), @)@ €[0,27), a3 = ne} HER.
Case (7) {(R(es, @), a)le[0,2m)}.

Case (8) {(1, a)}.

Case (9) {(1,0)}.

Case (10) SE(3).

We will use systematically in the following this system of indexation of the elements
of € (and of the corresponding groups K).
By a direct application of proposition 2 we get proposition 3.
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Proposition 3. The SE(3) orbits from T*(SE(3)/K) are of the type SE(3)/ N, where
N can be:

Case (1), (2), (4) {(1,0)} and K
Case (3) {1,001, {(1, gex)l¢ e R} and K
Case (5) {(R(es, ¢),0)l¢ €[0,2m)} and K
Case (6,.) {(1, @)|a; =0}, {(R(e;, ¢), pues)lp €10, 27)} and K
Case (7) {(1, a)} and K
Case (8)-(10) K.

This proposition will enable us to rule out the existence of a SE(3) morphism
¢: M- T*(Q) in many cases.

2.4. We want to characterise here more conveniently the condition of strict localisabil-
ity. We have the following slight generalisation of the Jacobi theorem [4, p 194].

Proposition. Let (M, ;) (i=1, 2) two symplectic manifolds and ¢ : M, » M, a smooth
map. Then ¢ is natural iff for any f, g€ F(M,):

{fop,g8o0tm ={f gtm e (2.1)
Here {, },, is the Poisson bracket on M,.

The proof is fairly well known and elementary, so we omit it.

Remark (i) Taking into account this proposition, the definition of localisability given
here becomes a generalisation of a similar definition from a preceding paper [11].

(ii) Suppose that the mamfold Q covers the manifold Q and that the system (M, Q)
is strictly localisable on Q Because the map gb T*(Q)~> T*(Q) constructed in remark
(iii) from section 2.2 is symplectic, the system (M, Q) is localised on Q also. Combined
with remark (iii) from section 2.2 this enables us to consider first only the configuration
spaces indicated at 3 and then, in case of an affirmative answer, to classify the manifolds
which can be covered by Q.

2.5. To verify the condition of strict localisability (2.1) we need some convenient
realisation for some SE(3) homogeneous spaces Q, and for T*(Q) (see the list before
proposition 3).
Case (2,) SE(3)/{(R(es, ¢), 1)} = S?xR* with the action:
(R, a)(v, q) =(Rv, Rg+a).
We identify Tj,,)(Q)={(m, v) e R’ X R®*|(u, v)g* =0} by:

(1, ©) g f = gd;f(v+ st +o(57), 4+ 500

for any fe F(S*xR®). Then we identify T}, ,,(Q)=T,,,(Q) with the bilinear form:
<(”’1 v)’ (”’I, vl)> = (”’a "‘.'/)R3+ (v, UI)R3

which is non-degenerate as can easily be shown.
Then the lifted action of SE(3) is:

éR,a(Vy q’ ”’5 P) = (RV, R‘I+a, RI"a RP)‘
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Case (3) SE(3)/{(R(es, ¢), Le)}={(, ) € S*XR*|(», q)a> = 0} = Q, with the action
(R, a)(v, q) = (Rv, Rg+ Py, a).
Here P, is the orthogonal projection on the linear subspace generated by », and
P,=1-P,.
We identify then

Tv.q(QO) = {(”‘9 V) € R3 X Rs'(”’a V)R3 = 09 (Va U)R3+ (”’s q)R3 = 0}

d
(D) f =7 f (vt sp +o(s%), g+ sv+o(s))| 0.

Then as in case (2,) we identify T%,(Qo) =T, ,(Q,) and we get, for the lifted action
of SE(3),

(’?R,a(vs qa ""’ p) = (RV, Rq+ P,RlJa, RM‘ + P;QVI)(a,Rp)V+B(Rq+ Plea), RP+ERV).
Here
= _[l + ||R¢1 + P’lealiz]_l[(Rﬂa a)R3+ (Ha,Rp)V’ Rq+ P,Rva)Rs]

and P,,, is the orthogonal projector on the plane generated by u and w

Case (5) SE(3)/(R, 0) =R’ with the action:
(R,q)g=Rq+a.
We identify T,(R*) =R’ by:

d
vyf =1 S(a+50)lsm0 Vie F®’).
Then T*(R*) =R*xR® as usual with the lifted action
(R, a)(q, p)=(Rq+a, Rp).

Case (6,) SE(3)/{(R(es, ¢), a)|as=0}=S*xR with the action:
(R, a)(v, q) =(Rw, g+ (a, Rv)).
We identify T, ,,(S*XR)={(u, v) € R* X R|(u, v)g> =0} by

d
(M, V) f = gf(v +sp+a(s?), g+ sv)|, 0.

Then as before
T*(S*XR) ={(», ¢, u, p) € S* X RXR* X R|(p, )z = 0}

with the lifted action

®ral¥, q, p, p) = (Rw, g+ (a, Rv)g, Ru — Pr,a, p).
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Case (7) SE(3)/{(R(e;, ¢), a)}=S* with the action:
(R, a)v = Ruv.
We identify 7T, (S%) ={u € R*|(u, »)z* =0} by

pf = f el VEF)

Then we have
T*(S?) ={(v,p) € S*xR’|(p, ¥)a> =0}
with the lifted action

QER,H(V’ "') = (RV, R’l‘)'

2.6. We turn now to the calculation of the Poisson bracket in the cases studied in

section 2.5.

Case (5) The following expression is well known

g3 LB (o)
or, equivalently, and more conveniently for our purpose,
{q:, q}=0
{pi,pi}=0 i=1,3.
{gi, pi}=8;

Case (7) In the identification for T*(S?) from section 2.5 we identify also
T, . (T*(8%) ={(a, b) e R’ X R*(a, )p> =0, (», b)>+ (&, p)> = 0}
by

d
(a, b)(V_M)f=a—sf(v+sa+o(s2), 1+ sb+o(s%))] 0
and denote for simplicity

d 9 N
= i90’——E Os i .=l’ .
3%, (e;,0) ™ 0, e) i 3
Then the Poisson bracket is:

SR K-/ S U B RN/ 4
{ﬂg}—i,£1(au Vivj)l:aV.- o, (f g)} i‘jZ:l(Vi/-Lj Vj#i)a#ialuj.

Proof. In the identifications above, the canonical two form on T*(S?) is:

Qv,u((ala b1)9 (a2’ b2)) = (ala b2)R3_(a23 bl)RJ'

(2.2)

(2.3)
(2.4)
(2.5)

(2.6)

Formula (2.6) is now a result of a simple computation using the definition of the

Poisson bracket: {f, g}n = — X
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Equivalently, we have:

{vi, v,}=0
{vi, wit =8, — v i=T,3.
{wis i} = vy — v

Case (2,) The Poisson structure is determined by (2.3)-(2.5), (2.7)-(2.9) and:
{gqi, »}=0
{gi, u;}=0
{p,v}=0
{pi, m}=0

This can be inferred using the results above.

i=T1,3.

Case (3) We will need only (2.7)-(2.9) which are also valid here.

Case (6,) The Poisson structure is determined by (2.7)-(2.9) and
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(2.7)
(2.8)
(2.9)

(2.10)
(2.11)
(2.12)
(2.13)

(2.14)
(2.15)
(2.16)
(2.17)
(2.18)

{¢.p}=1
{g, vi}=0
{g, uit=0 i=1,3.
{p,v:}=0
{p,ni}=0
2.7. To exploit the condition of G-morphism for the map ¢, we will need a simple
observation.
If f: R*>R’ is smooth and verifies
Sf(Rx)=Rf(x) VR eS0(3)

we say that f is rotational covariant. [t is easy to prove that in this case, f is of the form:

(@) =xf(|x]*)es
where f:R.U{0} - R is smooth.
By analogy, if f: R*xXR’-> R’ is smooth and verifies:
Sf(Rx, Ry) = Rf(x, y)
we also call it rotational covariant. In this case, f is of the form

f(x,y)=xA+yB+xxyC

(2.19)

where A, B and C are smooth functions of |x| &, ||ylla: and (x, y)z>. Indeed, for

xxy#0, the vectors x, y and x Xy are linear independent so we can write:

f=xA,+yB +xxyC,

with A4, B,, C,: R’ xR’ - R smooth and rotational invariant i.e. A,(Rx, Ry) = A,(x, »),

etc.
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Now it is evident that A,, B, and C, are constant on the SO(3) orbits in R*xR®
under the natural action. But it is easy to prove that these orbits are indexed by the
invariants | x||s, |»]l& and (x, y)s*. So, a formula of type (2.19) follows for x x y #0.
Because f is smooth, this formula is valid everywhere.

3. Localisability for Poincaré invariant systems

By definition, the Poincaré group is

P ={(L, a)|Le End(R*), aeR*, (Lx, Ly)g*=(x, y)a*, VX, ¥}
with the composition law

(L, ay){Ly, ay)=(L,L,, a;+ L,a,).

Here (x, y)g*= Xo¥o — (X, ¥)r*>. We consider here only the proper orthocronous Poincaré
group
Pl ={(L, a)|det L>0, (ey, Ley)g*> 0}.

Here, e, €,, e,, €, is the canonical basis in R* verifying:

1 i=j=0
(e, g)m*=gy =141 i=j=1,2,3
0 in other cases

and det L is defined by:

Leogn Le, A Leyn Les=(det LYega e, Aesn ey,

3.1. Asin [18] we identify (Lie ?1)*= A *R*+R* with the coadjoint action:
Adp (I, P)=(LTU+LPnaq, LP). (3.1)

Then, the homogeneous symplectic manifolds are coadjoint orbits as follows [10],
[18]; see also [20]).

(1) M7 ={(T, P)|||P|&=m? |T A Pllzg«=m’s’, sign P,=n}
meR,,seR, {0}, n==1,
(2) M?={(T, P)|||P|a=0, sign Py=1n, *(I"A P)=—sP}

seR,n==1.
(3) MJ={(T, P)||P||2+=0,sign P,=, |T A P||3«=p?}.
(4) M,,,={(T, P)||P|&=—m? | a P||3=m?p?} m, peR,

(5) M7} ={(T, P)|| P||las=—m? | a P||2=—m?s*, sign(+(T A P))o=—7}
meR.,seR,U{0}, n==£1.

(6) M/\l)\ZE {(r, O)NFHHZ%“: '\1,%1—‘ AT =Azeone, nesnes} A, AZER
(7) Mo={(T, P)||P|&s=—-m>TnrP=0} meR,.

Here | P|>= Pi—||P|%. It is convenient to revert to three-dimensional notation,
by writing I' uniquely in the form:

T=e,n K+ (*(egnd))
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where J and K are three-dimensional vectors. Then the action (3.1), restricted to
SE(3), is:

¢rao(J, K, P, H)=(RJ+RPxa, RK+ Ha, RP, H). (3.2)

Here H=P,.
3.2.
Proposition. The possible configuration spaces Q € € for the Poincaré invariant systems
listed in section 3.1 are among the following:
(1) for M}, R®
(2) for M7, (seR,), M? and M: R*, %, §*xR, §?xR* and Q,
(3) for M,,,, M~ and M’%,,: §* and Q,
(4) for M, ,:S>
Proof. We decompose first (Lie 1)* in SE(3) orbits. It is easy to establish that there
are three types of orbits:

(a) {(J; K, P, H)|H = E, || P|lg> = k, (J, P)az = A, | HJ + K X P||g> = k'} E € R¥,

AeR, k k'e R, U{0}, |AE|< kk'.

The stability subgroups are conjugated with (2,) for keR,, |AE|<kk' or k=0 and
k'eR,; with (5) for k=k’'=0, and with (9) for keR., |AE|=kk'.
(b) {(‘Ia Ks P’ O)HIIJHR3 = k’ HI(”D??3 = k'a ('Is P)R3 = )\a (Ps K)R3 = )"}

keR,, kK'eR, U{0}, A, A eR,|A|s kK.

The stability subgroups are conjugated with (3) for |A’| < kk’ and with (1) for |A'| = kk'.
(c) {(J, K 0,0)[|J||z=s, | Klr =k, (J, K)gz=A}s, ke R, U{0}, A €R., [A| < sk.

The stability subgroups are conjugated with: (8) for seR.., |A|<ks and with (7) for
seR,, |AM=ksors=0, keR,.

Now we analyse the SE(3)-orbits content of each manifold in section 3.1 and apply
section 2.2.

3.3. For the verification of the condition of strict localisability, it will be profitable to
work with new coordinates in cases (1) and (3)-(5) in section 3.1. Namely, one
introduces the Pauli-Liubanski quadrivector:

W=-*TaP)
or, in three-dimensional notation,
Wo=(J, P) W=HJ+KXP,

Then we have in the new coordinates W, K, P, H:
(1) M7 ={(W,K, P, H)|H* = | P|lg: = m’,sign H=7, A>~ | W[z = -m?s}
(3) M} ={(W,K, P, H)|H*=|P|%,sign H=n, A"~ |W|}=~p?}
(4) M., ={(W,K P, H)|H*~ | P|g:=~m’, A~ | W]z = -m?p?}
(5) M7, ={(W,K P,H)H*~|P|&=-m" A"~ |W|&=ms sign A = —n}.
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Here A = (P, W)g3/ H. The action of SE(3) in these new coordinates is:
¢ro(W,K, P,H)=(RW,RK+Ha, RP, H). (3.3)

The elementary Poisson brackets are easy to calculate, using the property of the
momentum map

{fi’fn} = —fie.m) V¢ nelie Pl

and are not given here.

Now, we analyse case by case the possibilities permitted by the proposition in 3.2.
For the purpose of illustrating the method, we analyse in detail the first case i.e.
M = M, ,and Q =R’. For the other cases we give only the final results. We emphasise
that the computations are long, but straightforward.

34. Q=R".
3.4.1. The system M, is strictly localisable in R’.
Proof. (i) It is easy to prove that V(J, K, P, H)e M, ,, 3(R, a) € SE(3) so that:

(Js K: Pa H) = Ad;,a(oa 01 ke35 H)
where k= || P|z*. Using the formula (3.2) we get:

J=kRe;xa
K =Ha
P =kRe,

so we must take a=K/H and R = R(P). The morphism ¢, if it exists, verifies the
following

(a) gD(J, K9 P) H) = QD(Adz.a(O’ 05 keS9 H)) = (Ra a) * QD(O, 03 keB’ H)'
(b) It is clear that ¢(0,0, ke;, H) =(q(P), p(P))

where ¢, p:R*>R® are smooth. From (a) and (b) we get ¢(J, K, P, H)=
(K/H+A,(P), A5(p)) where A;:R*~>R? are smooth (i =1,2). The condition of the
SE(3) morphism is equivalent with the condition of rotational covariance for the
functions A;. So, using section 2.7, we get the most general form of ¢:

o(J, K, P, H)=(K/H+Pf(| P|3), Pg(| P|3). (3.4)

This proves that the system M,,, is localisable on R’.

(ii) We turn now to the question of strict localisability.

Condition (2.5) is equivalent with g =1, and conditions (2.3) and (2.4) are verified
identically. So, the most general solution for the problem of strict localisability is:

¢(J, K, P, H)=(K/H+Pf(|P|z, P).

Remark. The transformation
T*(R) 3(q, p)—>(a+pf(| pll7*), p) € T*(R)
is canonical. In the new variables, ¢, from above, becomes
¢(J.K, P, H)=(K/H, P).

So, in this case, ¢ is unique, up to canonical transformations on T*(Q).
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3.4.2. The system M,, . (s€R.) is strictly localisable in R

Proof. (i) The most general SE(3) morphism is:
o(W,K, P, H)=(K/H+q(P, W), p(P, W))

with ¢, p smooth and rotational covariant. According to section 2.7 this implies:
p(P,W)=A(A HYP+B(\, HYW+ C(A, H)Px W
q(P,W)=A(\, H)P+B(A\, HYW+C(A, H)YPx W.

(ii) The condition (2.4) imposes B = C =0. Then (2.5) fixes A= 1. So, ¢ is of the
form:

o(W,K,P,H)=(K/H+A(\ HYP+ B\, HYW+C()A, H PX W, P).
Finally, after a long computation (2.3) is shown to be equivalent with
m*H?B*+ m*H*(H*-m?) C*+2mHé~1=0.
and
[H(H*-m*)C+116A/3r =3B/aH - H*C(B+13B/ar).
These equations admit solutions. For B= 0, we must take C = n1/[mH(H + nm)] and

we can take A =0. (This solution alredy appears in the literature [15].) But we can
also take C =0, and get the solutions:
€ A
W,K,PH)=|K/H+—|W-~-—P), P - =1
WK P H)=(K/H+=(w-2p)P)
which seems to be new.
Remark. We did not succeed in clarifying the problem of uniqueness, up to a canonical
transformation, for ¢.

3.4.3. The system M7 is localisable in R?, but is strictly localisable iff s =0.

Proof. (i) The most general SE(3) morphism is also given by (3.4).
(ii) As in section 3.4.1, (2.5) fixes g =1, but (2.3) is true iff s =0,

3.4.4. The system M:,’ is localisable but not strictly localisable in R®.

Proof. (i) The most general form of the SE(3) morphism, ¢ is given by the correspond-
ing formulae from section 3.4.2 (i).
(ii) The condition (2.3) cannot be satisfied (see for some details [11]).

3.5 Q=S’xR
3.5.1. The system M is localisable on S’xR, and is strictly localisable iff s =0.

Proof. (i) The most general SE(3) morphism is:
¢(J,K, P, H)=[¢P/H, ¢(K, P)z/ H*+ q(H), p(H)[-K/ H + P(K, P)z:/ H*], p(H)]

with g and p smooth, and & = +1.

(ii) Equations (2.7), (2.15) and (2.18) are satisfied automatically. (2.8) gives
p(H)=¢H, and then (2.14) is also satisfied.

Finally (2.9) and (2.16) are satisfied iff s = 0. So, for s = 0 we have the most general
solution:

¢(J; Kr Py H)= (EP/H’ 8(Ks P)RB/H2+q(H)’ 8[-K/H+P(K, P)Rl/Hs]’ €H) (3~5)
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Remark. By the canonical transform in Mg:
(J, K, P,H)—(J,K—ePq(H), P, H)

we get rid of g(H) in (3.5). Then by the canonical transform in T*(S*xR);
(v, q, m, p)—>(-»,—q, —p, —p)

we can make £ = 1. So, up to canonical transformations the solution is:

(P(‘L Ks P, H)= (P/Hs (K9 P)Ra/st _K/H+P(Ka P)RS/HS’ H)‘ (36)
3.5.2. The system 1\712 is localisable, but not strictly localisable on §xR.

Proof. (i) The most general form of the SE(3) morphism ¢ is

¢(W,K,P,H)=(v(P, W), q(A, H)+ (K, v(P, W))/ H, (P, W)
—p(’\, H)P,V(P,W)K/Hs p()‘s H))

where v, u, g and p are smooth, ||z =1, (», u)z> =0 and », u are rotational covariant.
According to section 2.7,

v=A(A H)P+B(A, HYW+ C(A, HYPx W
p=A\ H)P+B\ HYW+C(\, H)Px W.
(ii) Equation (2.7) has the following solutions:
v=eP/H ge=z=1 (3.7a)
v=AP+B(HW —\P)+CPx W (3.7b)
where dA/4A =0 and
HY[p*(B*+ C*)+A%]=1 B*+C*>0.
For (3.7a) we get from (2.8) that p(H) = e¢H as in section 5.1. But (2.9) and (2.16)
cannot be satisfied simultaneously. For (3.7b), (2.15) cannot be fulfilled.
3.5.3. The system M}, , is localisable but not strictly localisable on §*xR.

Proof. Similar to the proof in section 3.5.2.

36 Q=58
3.6.1 The system M, ,, is localisable, on S?iff I3+ I3> 0 but not strictly localisable
on S°
Proof. (i) ¢ is of the form:
¢o(J,K,0,0)=(v(J, K), n(J, K))

with », u smooth, rotational covariant and verifying ||»|z2 =1, (», ) =0.
(ii) Equation (2.7) cannot be satisfied.
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3.6.2. The system M, , is localisable, but not strictly localisable on S2,

Proof. (i) ¢ is of the form:
¢(W, K, P, H)=(v(P, W), u(P, W)

with » and p as in section 3.5.2.
(ii) Equation (2.7) implies »=(e/(H*+m?)"?)P(e =+1) but (2.8) cannot be
satisfied.

3.6.3. The system 1\71,'1,,3 is localisable, but not strictly localisable on S°.
Proof. Identical to the one in section 3.6.2.
3.6.4. The system M}, (eR.) is localisable, but not strictly localisable on S°.

Proof. (i) ¢ is of the same form as in section 3.6.2.
(ii) Equation (2.7) implies » = AP. But |[»||*=1, so we have |P||?A>=1 and we
get a contradiction for P=0.

3.6.5. The system M7 is localisable, but not strictly localisable on S?,

Proof. (i) ¢ is of the form:
¢(J,K,P,H)=(eP/H,0) e==1.
(ii) Equation (2.8) cannot be fulfilled.

3.6.6. The system 1\712 is localisable, but not strictly localisable on S°.

Proof. (i) ¢ is of the same form as in section 3.6.2.

(ii) Equation (2.7) has the same solutions as those in section 3.5.2. and (2.8) cannot
be fulfilled.

3.6.7. The system M, , is localisable, but not strictly localisable on S

Proof. Identical to the one in section 3.6.5.
3.7.1. The systems M,, ,, M ms and M7, , are not localisable on Q,.

Proof. For H # 0, one finds out that ¢ is of the form:
‘P(“/;K, P’ H)=(V(Py W)’x(P, W)+K/H—(K9 P)V/H, .. ')
which cannot be extended smoothly for H =0,

3.7.2. The system M is localisable, but not strictly localisable on Q,.

Proof. (i) ¢ is of the form:
¢(J,K,P,H)=(eP/H,K/H~(K, P);»P/H,0,0) e==xl.
(ii) Equation (2.8) cannot be satisfied.

3.7.3. The system M ; is localisable but not strictly localisable on Q.
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Proof. (i) ¢ is of the form:
QD(“/, Ka P’ H) = (V(P’ W)a x(Ps W)+P£(P,W)K/H5 0, 0)

with », x smooth, ||v|lg*=1 and (v, x)g*=0.
(ii) Equation (2.8) cannot be satisfied.

3.8 Q=S’xR’

3.8.1. The system M7}, (seR.,) is localisable, but not strictly localisable on S*xR>.

Proof. (i) ¢ is of the form:
o(W,K, P,H)=(v(P,W),x(P, W)+(P,K)/H, u(P, W), p(P, W))

with », x, g, p smooth and rotational covariant ||»||g*=1 and (», u)g>=0.
(ii) From (2.7) we get » = AP and a contradiction follows as in section 6.4,

3.8.2. The system M7 is localisable but not strictly localisable on §°xR’.

Proof. (i) ¢ is of the form:
QD(J, K, P’ H)=<EP/Ha x(I|P”|2R3)P+P£€P/H)K/H, 09 PP(”P”§3)

with x, p smooth.
(i) Equation (2.8) is not satisfied.

3.8.3. The system M is localisable but not strictly localisable on S>xR>.
Proof. 1t is very similar tc the one in section 3.8.1.
3.9. Collecting these results we have the following.

Theorem. The only elementary relativistic systems for ?] are (M7, Q,R?) for se

R.U{0}, (M7, Q,R%), (M2,Q, S*xR) and (M2, Q, (§*xR)/Z,) where the action of
Z, on S*xR is:

{ﬂ-(v, q)=(v,q)
=1-(v, q)=(-»,—q).

Proof. It is not very hard to prove that S*xR can cover only the manifold (S*xR)/Z,
obtained by the factorisation above.

Remark. It is easy to see that (S*xR?)/Z, is the manifold of bidimensional planes in
R*. Indeed, one fixes a plane IT in R, giving a vector » € §? which is perpendicular
on II, and a real number g such that gv €II; of course one must identify (», q) with
(—v, —q). It is easy to verify that the action of SE(3) from section 2.5 (6,) is compatible
with this interpretation. Inspecting formula (4.6) we see that » = P/H i.e. the plane
is perpendicular on the direction of the momentum, and q= (K, P)g3/ H?, i.e. the
projection of the centre of motion vector K/H on w. These observations allow us to
interpret I1 as the plane wave of a photon. A similar idea was proposed (in the
framework of quantum mechanics) in [17], but was exploited differently. What is
remarkable is that one does not have to impose this image from outside, it emerges
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from the notion of strict localisability. Moreover, this is in accordance, in some sense,
with an analysis of the same type made by Souriau [10] and based on the notion of
evolution space. We also note that (J, K, P, H) and (J', K', P’, H) have the same
configuration iff P=+P' and (K—~K', P)=0. If K/H is assimilated with the centre
of mass of the photon, this would correspond to a translation of the plane along itself
which, obviously, does not change the physical situation. The elements of S xR can
be interpreted as oriented planes in R’.

3.10. One can include inversions also. We do not give the full analysis, but note only
that the system M, (s€R,), regarded as a P’ homogeneous manifold, is strictly
localisable (with respect to E(3)) iff the functions B and C from section 3.2 are odd,
respectively even, in A because W is a pseudovector.

4. Final remarks

We have given a reasonable definition for the notion of localisability in classical
mechanics in the framework of the Hamiltonian formalism. Then we have analysed
from this point of view the homogeneous symplectic manifolds for the Poincaré group.
The results have been interesting from two points of view. First, they could explain
why some hypothetical particles, predicted by Poincaré invariance only, e.g. the
tachyons (i.e. Mmp and MI’,, s) or the particles of zero mass and infinite spin (i.e. M")
do not appear in Nature: they are not strictly localisable. Secondly, we get a new
configuration space which could perhaps explain the properties of the classical photon.
For this it is necessary to find a reasonable physical interpretation for this new
configuration space; a tentative interpretation was made in section 3.

It would be interesting to clarify some connected problems. Firstly, to analyse in
the same spirit the notion of evolution space of Souriau. In particular, a ‘good’ definition
for this notion must be such that a particle has an evolution space iff it is strictly
localisable. Secondly, of the technical level, it would be desirable to exploit the
condition of strict localisability in a less computational way, if possible. It would not
be surprising if these two problems can be solved simultaneously.

Finally, the same analysis can be done in quantum mechanics, generalising the
work of Wightman. Partial results in this direction have been obtained in [21]. These
results corroborate the conclusions of this paper, as regards the localisability of the
photon.

References

[1] Newton T D and Wigner E 1949 Rev. Mod. Phys. 21 400-6
[2] Wightman A S 1962 Rev. Mod. Phys. 34 845-72
[3] Bacry H 1988 Localizability and Space (Lecture Notes in Physics 308) (Berlin: Springer)
[4] Abraham R and Marsden J E 1980 Foundation of Mechanics (New York: Benjamin)
[5] Souriau J M 1966 C.R. Acad. Sci. Paris 263B 1191-3
[6]1 Bacry H 1967 Commun. Math. Phys. § 97-105
[7] Arens R 1971 J. Math. Phys. 12 2415-22
[8] Arens R 1971 Commun. Math, Phys. 21 125-38
[9] Arens R 1971 Commun. Math. Phys. 21 139-49
[10] Souriau J M 1970 Structures des Systemes Dynamiques (Paris: Dunod)
[11] Grigore D R 1989 Localizability and covariance in analytical mechanics J. Math. Phys. 30 2646



3542 D R Grigore

[12] Barut A O and Racza R 1980 Theory of Group Representations and Applications (Warsaw: PWN)

[13] Sudarshan E C G and Mukunda N 1974 Classical Mechanics: A Modern Perspective (New York: Wiley)

[14] Pauri M and Prosperi G M 1968 J. Math. Phys. 9 1146-62

[15] Pauri M and Prosperi G M 1975 J. Math. Phys. 16 1503-21

[16] Kuntzhe H P 1974 Geometrie Symplectique et Physique Mathematique ed J M Souriau (Paris: CNRS)

[17] Angelopoulos F, Bayen F and Flato M 1974 Phys. Scr. 9 173-83

[18] Guillemin V and Sternberg S 1984 Symplectique Techniques in Physics (Cambridge: Cambridge Univer-
sity Press)

[19] Bacry H, Combe Ph and Sorba P 1974 Rep. Math. Phys. § 145-86

{20] Grigore D R and Popp O T 1989 The complete classification of generalised homogeneous symplectic
manifolds J. Math. Phys. 30 2476

[21] Grigore D R 1989 Localizability for zero mass systems Helv. Phys. Acta 62 989



